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An Efficient Algorithm
for Variable-Order Linear-Chain CRF's

Hiroshi MANABE
Abstract
Conditional Random Fields (CRFs) is one of the most popular models for
sequence labeling. Applying the maximum entropy model to the whole se-
quence, it can describe relationship between the observations and labels with
consistency. Linear-Chain CRF's is the most prevalent and practical application
of CRFs which focuses on linear-chained graphs and usually makes first-order
Markov assumption. It allows us to efficiently compute the model expectation
of the feature functions by using forward-backward algorithm. Extending the
model to higher-order Markov model, however, has been problematic due to the
exponential computational complexity. Ye et al.(2009) presented an algorithm
which computes the model expectation in polynomial time. However, because
of its still high computational complexity, the algorithm is only practical when
the higher-order features are sparse. This paper presents a novel algorithm that
computes the model expectation of the feature functions more efficiently. When
applied to English POS-tagging, this model yields a higher precision than the

traditional first-order Markov model.
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Algorithm 3 Viterbi algorithm(1)
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5.2.2 00O

0000z eP000¢t00000w(z,,t)D000000OOODOO

wzt) =S (28)
i:2=2P b;(x,t)=1

gbobobooobodoboboobbodbboobbuoobboobboon
U10biddbiddibl expO0doboooooooboboooonoon
goooboooboboobooobobooobobbt+=20000 XyYyOouoooo
000 “a0:(XY]:0.70"0 “al:[XY]:2.10’0 0 0000000000000 0OOO
gboobobbobooboo14r0o0boobo

01000000000000000000000000exp(w)0000O0O
0000000000000 Dexp0 000D "wOOOODOOODOOODO

0000000z eP,000¢t00000W(zP,t) 00000000000

Wz )E YN (29)
i:21 < ozP by (x,t)=1

gogoddoobobobbbioooooououobobbbboboooooo
000000000000 000000O (DbObooooooooooooooo
0)000000O00000O0000O00oOoOooOoo0ooOOoOoOooUoo
godooobbobboodoooouobooooooobobbobbuooooo
00 1000000000wWOoOO0O0 (2900 (Q)000w0OO000D0O00O0O0O
godd

W(z? t) = > w(z',t) (30)

0221 € P,z < 5 2P

00000030 YXO0O00OO0O0O0OOOO00000000000000000
exp(w)0 0900 00000000000 XO00000000000000C0
00001000000 0exp(W)0 0090000000

0100000000000000000000000Oexp(W)00000
020000000000000000exp00000 “WDOO0O000000
000

00000 WOOOOO0O00z #e00000W(28,t) = W(s(z, Py),t) +
w(z’,t)00000s(z/,P) 000 (20)00000P, 000022000000
0000000P 0000200000 200000000000 s(z,P,)0
0000000000
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5.2.3 0U0O0OO0OO
0000z #4#ecP,000¢>10000000000000000 a(z?,t)
gobboooogoboo

2:2€)0:4,2P <52 t'=14:f(x,z,t")=

> | exp (Z > )\Z) (31)
zP)z' <sz

2:2€Y0:¢,3(2' €Py,s(2’ /P )= t'=11:f(x,z,t')=1

gbgbz000000b0bobobo1ob+=100000000000
UbbzzOoO00OOoooOOoo0OOo0obO0o¢tgoboboobooboboobon
00000 100¢t-100000000000000000000O0a(6,t)=0
gobo

O100000t=10000 X0000000000000«0 0000
0000BXOOODUOODODODODODODODOO0OOa(X,)Ot=10 X0O00OOOO
gobooboooboobobooooboooooobooBXOobobooooo
gboooboobbobbooboobuooboobbobbe=10 X0OO
0000000000000 BXOOOOOOOOO ¢t=0000000 BO
O000000)DOooooooooooooo

gobobooboo:e=20000 X00000000000 «O 174000
gboobyXobooboobooboobobbot=20X00000
gbooboobooboobooboobobboyxbuooboooboo
gboboodbgoobobooboobobuoobobbbiob0 XXOZX
gobbboooobbbuoooobbbuooobobboooobbbooaon

0000000z eP, 000¢t0000D00000000O0O0O0O0O ~(2,1)
gobboooogboo

(2P, t) def > exp (Z > B )\i) (32)

7:2€)0:1,2P <52 t'=14:f(x,z,t")

0000z2000000000000+¢00000000000000000
00000(0) =7(lpos,0) =10000

0000¢=20000 X000OOO00O00O00000+4004200000
000 X000000000000000000000000000
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colU~y0000000O0DOO0OO0O0OODODOOOOODODO

a(z’,t) = 7(Z€;|zp|_17t -1) - Z Y(Z1:jz—1,t — 1) (33)
z:2€Py,s(z, P )=2P
v(zP,t) = Z a(z,t) exp(W(z,t)) (34)

2EP;,2P < sz

DDDD(33)DDDDDDDDDy(zf:|2p|_1,t—1)DDZPDDDDDDDDD
gpoboooboobooobooboobboopAObOd0z?000000
gobboboooobbobuoooobbbuooobbboooobbobooan
0000000000000 000000000 a(zp,t)000000O0OCOO

0000 (34)000000000e(z,)00000000O00OOODODOOOO
0000000 exp(W(z,t))DOOODODODODOODOOOOOOOOOODODOO
00000000a(z,t) 00000 AO000C0C0COCOOOOOOODOODOOO
00000000000 P0000z000000000000 a0 exp(W)
0000000000000 00000000D0000A(z,t)00000O0O0O
oo

oot =20000YXOOoOoooooooooo~yb o3oboog
gbooboyvyXooooooboooobooboboooboobooooo
gboboboobobooobo83UWoooolsooboonooooooon
goooob XooobooboboooboyO o42000Db000DOO
YXUO~OODOO0130DOUOO XOOOO 1 /4aOOWGOLOO 017000 ODO
gboobo290boboobooboobobo20b0bbb XoeOXOOOO
YXOOOOOoOoooooo 10booooo (oooo)oooooooooo
goobobowiooboobobooo200b0b0obobobooooyYyXxXo
gbooboobobbobooXxXobobooboooboooboo
5.2.4 0O0O0OOOO

0000z eP,000¢t000000O000O0O0O0O0OO0O0O0O B(z,t)00
goboobooogn

T+1

Bz )= Y exp(z > A,-) (35)
ZEVi+1:T+1 t'=t+1i:f;(x,2P+2,t')

gododod++1007r+10b000oooooooooouoon zz000

0000000000000 0000D0000000000002z00000
Bz, T+1)=10000000 fi(x,z°+2z ¢)0DOO0000 fi(x, L1214 zp 4
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z,) 000000000000 0OODOOO
00000000z e, 000¢t<TOO0O0OOYzP,t)D0000O0ODO0O
oo

5(zP,t) def Z (exp( i Z 5 /\z) —

ZEYVe11:T+1 t'=t+114: f; (x,2P+z,t’
T+1
exp | Y > i (36)
t'=t+14:f;(x,5(zP,Pt)+z,t')=1
Ooooodt¢t+100T7T+100000000000O00 z,0000000O
O0doddoddoodoidb«z,0000000000000000000
O00000000000D00000000060eT+1)=10000
Oo0oooooooooooooooodoo

5(zP, 1) = >, (B(z,t + 1) exp(W(z,t + 1))
Z2EPt41,21:|5|—1=2P
B(s(z, Piy1),t + 1) exp(W(s(z, Piy1),t + 1))) (37)
Blz't) = ) Azt (38)
z2EP,z<s2P

0@370000000000000000O000ODO0O00O00Oo0OO (36)0
gbooboobon

S T s P

z€YVi12:7+1 2 €Vet1:t+1 t'=t+2 i: f;(x,2P+2z' +z,t/ x,zP 4z t41

exp ( Tizl > )\i) exp ( ( > ))\i))(39)
i fs

t'=t42i: f;(x,s(zP, Pt )+2'+2,t")=1 x,5(zP,Pt)+2z' +z,t

00000 (20)0000 (39000000000000

2. 2

2EVi12:7+1 Z EVi41:¢+1

T+1
(exp ( Z Z /\i> exp ( Z )\i) —
V=t+24:f;i(x,5(2P+2', Pes1)+2,t')=1 i:fi (x,59(2P+2/ ,Peq1) ,t+1)
T+1
exp ( > > )\Z-) exp ( > )\i) ) (40)
t'=t+2i: f;(x,5(s(zP,Pt)+2' /Piy1)+z,t')=1 i:fi(x,5(s(2P,Ps)+2', Piy1),t)

goooobogooogo
s(zP + 2/, Pr1) <s s(2",Py) + 2 (41)
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000000000000 (2000000000000000s(28 +2,Prt) <y
2’ + 7 s(z",\P) +72 <, 22 +2 0000000 (19 000s(z",P;) + 2" <
s(zP+27',Py)00002" =s(zP+2,Py) 000002" e P, 00002" #e€
0000000 (2600 2, , € A0000000 (18)000s(z,P,) <,
ZY:‘Z,,|_1<SZPDDDDDDDDD (2000000000000 CO0O0O0O00

0000 (200000000000000000 ¢4+10 s(2° + 2, Pit) <s
7' <,z +2 0000000000000

gddduouoooooooad

S(s(z?,Py) + 2, Pri1) = s(2” + 2', Pr11) (42)

0000z +2 ¢ P, 000000 (21)0000000000O00O S(z° +
Z,P)#£2+2 0000000000000

S(z" + Z/>7Dt+1) = s(z" + Zlvpt-l-l) (43)

00000 40)00z°+72 ¢ P, 000000000000 ODOODOOOOO
gbogoboobg
0000000 40)0000oooooooo
T+1
SRR ST T R N

ZEYVi42:T+1 z’EPt_H,zT V=t+21: f;(x,2' +2,t' i:fi(x,2 t+1

=zP
z/|—1

T+1
exp ( > > /\i) exp ( > /\i))(44)
t'=t+24: f;(x,5(z' ,Pr4+1)+2,t')=1 i:fi(x,5(2', Pi41)+2,Pes1):t)

00000 (3504000000 (2990 WOOOOOO0O (37)00000
010000000+¢+=300000 X0000004600.080000000
0000000 XEOOOOOOOOOOOOO 4000000000000
04800F0000000000000 (10000000000 040000
000000000
5.2.,5 000-000000
D000z e P, 000 ¢t000006(z,t),0(z°,t)00000000000

0(z", 1) < oz’ t) exp(W(z?, 1)) B(z", 1) (45)
oz’ t) LS (=) (46)

2:2€P,z<szP
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f(zr,t) 0000 ¢0000000020000000220000000000
0+0000000000000000000000000¢=0007T+10
0000000000000000100000¢=20 X00000000O
0000060046000 (/000000000 000)0000000¢t=2
0 X0O0O0O0O0OO0OO0O00YXO0O0O0O0O0O0Ooooo (0oo0O0¢=1,200
0000 XXO000 ZX000)00o00000000000000

o(z’,t) 0000 ¢t000000002000000000¢t=000T+1
00000000000000000100¢t=20 X0000000000
0000 0660000000000¢t=20X0000000000000
0D000000000000(z,t) = o(s(zP,P,),t) + 0(z°, ) 00 0 O

00000 Z(x)00~40000000000000

Z(x)=~(e,T+1) (47)

gobobdooobbdooguobobbbddgygouob¢tooooonboog
e, UU000O0ODOO0ODOOODOOOO

P(z" <sy14 | x) = 0(2",1)/Z(x) (48)

O0000000O0o00OOo0U0DObO00ooOoOoOoo0ooDOoOOooooOoooo
00000000O00DOo0ooO00ooOooooO00ooooOOoooDooOoooo
ooooooo
5.2.6 ODODOOOOOOODO

0000000000000 0DOoO00DOoO0ooooooOoooDoo

oo0dt=1,---,7+100000P 0000000000 ¢tO000ODO0O z0O
oooooooooooooooboo /,00000000000O0O0DOOG
000 Algorithm 500000

O000O0o0b00O00obOOo0o0obO0oobObO0oobOooooobootoooo
O0z#ecP,00000000000000¢-1000 z1y-1€P1(000
0000000000)0000000000DO00O00UODOoOoOooooO
oooooooooooooooooooobooOoboboboooooooobooDo
O0000t0000z00000000000D00000O0OO s(z,P)0000
0000000000000000000000000000000¢2! <, 22
0000z 022000000000000000000000000000
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Algorithm 5 Make paths
fort=1toT +1do

F = {fi | br(x,t) =1}
for all f; € F do
fzi,t — fziﬂg U {fl}
for j =0 to |z‘| do
Pij  Pij U{Zi s}

end for

end for

end for

00000 (ascending order) 00000000000 OO (descending order) O
00000000000 (000000000000 oOO0DOO0oDObDUoo
000000000000)00000000000DO00DUOOOoOooOo
gooooobooobbbbboboboodoogd

Algorithm 60000 0000000000000000O0O0O0O0OO0 w(z,t)0
gobbboooobbbuoooouobbbboooobbboo

0000000000 (33)0000000000o0oooooooooo
000002 000000a(z,t) = y(zuy-1,t) 00000 (33)0 00000
000000000000z 0000000000000000000000
0000000000020 0000000000 (33)0000000O0OO
guoooobobobobbboobooooooouobobobbboboooooao
0000000000000 0000000000zeP 0000 ao(z,t)00
gooooooooobobn

guoooooooobbooood

gogooobooobobblibboooooglgoooo

0 (i Do | Fual + i |73t|) (49)

t=1 zP:zPcP; t=1

good
OoooooOoobord00bb0000oDObOO00oboo0oooooott—100

gbobob:+10b0bo0bobooboboobobobobobon

UbdibbUexpUbO00bOo0DbOODOObDOODOObO0ObLO0DbDOn
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Algorithm 6 Sum-difference
fort=1toT+1do
for all z # ¢ € P; in ascending order do
for all f; € F,, do
w(z, t) — w(z, t) + \;
end for
W(z,t) «— W(s(z, P;),t) + w(z,t)
end for
end for
Y(€,0) — 1,7(lpos,0) < 1
fort=1toT+1do
for all z # ¢ € P, in descending order do
a(s(z,Py), t) — as(z, Pe), t) — V(z1g-1, — 1)
a(z,t) «— o(z,t) + ¥(Z14p-1,t — 1)
end for
ale,t) —0
for all z # ¢ € P; in descending order do
(2, 1) — (2, t) + oz, 1) exp(W (2, 1))
v(s(z, Pp),t) «— v(s(z, P:), t) + v(z,t)
end for
end for
Z(x) — (e, T +1)
e, T+1)«—1
fort=T+1 downto 1 do
Ble,t) — d(e 1)
for all z # ¢ € P; in ascending order do
B(z,t) — B(s(z,Py),t) + (2, 1)
end for
for all z # ¢ € P, do
0(21.jg)—1, t—1) = 8(2Z1.jg)—1, t—1)+B(2, t) exp(W (2, t))—F(s(z, Py), t) exp(W (s(z, Py)))
end for
end for
fort=1toT+1do
for all z # ¢ € P; in descending order do
0(zP,t) «— a(zP,t) exp(W (2P, t))B(z", 1)
o(z,t) «— o(z,t) + 0(z,t)
o(s(z,Py),t) « o(s(z, P;),t) + o(z,t)
for all f; € F,, do
BLf] — ELf] + 0(2,0)/2(x)
end for
end for
end for
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O000000O00DDODO0O0OC00O0O0O0O0O0U0OUOOOU (Algorithm 600
gobooboooboobooooboobobooooobD pOoboooooboO
oooooo)d
gobboboooobobbooogbboboooobboboooobobbod
gobbboooobbbuoooobbbuooobbboooobbbooan
gobbobuooogbobbbooouooobbboooobbboooan
gobboobuoooobobobuoooobbboooobon

5.3 UUony
OO0O0000D0 Linear-Chain CRFOOUODODOOOOOOODOODODOO
gobbobooogbbbuoooobbobbuooobbobuoooon
gooooby buoooobbbouooooboo

y* = arg m}gx Z(lx) exp (Zt:zi:)\z‘fi(x7}’>t)>

= argmaxexp <Z Z Aifi(x,y, t)) (50)

000000000000000000000000000000000000
000000000000000 O (S St 1+ L (S Sararer, 1))0
00000000 O (S5 Sismo-1 1 +10g L (S Spprep, 1)) 00000
0000000000000000000000000000000000
0000000000000000000000000000000000
0ooooo
0000000000000000000000000WO0O0000000
00000000000000000000000000000000000
0 Algorithm 700000000
531 00000000000
00z e P,00000p(2t),q(z°,t) 00000000000

p(zP t) = max
ZZZEIPt—l,ZIf:Izp|71SSZ,V(Z/:Z’EPt—l,Zpgszl)zlﬁsz
(p(z,t —1)) - exp(W(z", 1)) (51)
def
z’ t) = ar max
Q( ) gz:ze'Pt,I,zﬁ):‘zm_1SSZ,V(Z/;zleT%fl,zﬁgsz)zfgsz

(p(z,t —1)) (52)
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Algorithm 7 Calculate weights
fort=1toT +1do

for all z # ¢ € P; in ascending order do
for all f; € 7, do
w(z, t) — w(z, t) + \;
end for
W(z,t) «— W(s(z, P;),t) + w(z,t)
end for

end for

p(zP,t) D0z 0 00000000000 z2200000000000¢t0ODOOO
gboboobboobboobboobbt:t—-10000000000000
z2?0000000000000¢q(z?,t) 000000 p(z,,t) 000000 ¢t—1
gobbooogn
OO0DO000O00000Algerithm 8O00O0D0O p,q00O0D0OO0OOO
gobuogdgbbbooobbodod nnedbbuoodobbboobbodad
000000000 Algerithm 5 OOD0OOO0OO0OODOOOCODOOCOODOO
Algorithm 7 0000000000 O0OOOCOOODOOOO
OO000Algorithm 9 00000000 ¢gOO0O0O0O0DOOOODOOy*OO
oo
gobboboooobbbooodgbbobooodobboboooobbboo
gobbbugoboooobbboooobobbboooobbboooan
gbogbobuodboobobodobuooboboobuobobobooban
000000000 DOODOOAlgorithm 8 00000000 O0ODOODOO
O000000U0ooooooooOogoooooooo()oooog
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Algorithm 8 Decode-forward(1)

p(e,0) — 1,p(lpos,0) «— 1
fort=1toT+1do
for all z # € € P; in descending order do
if this is the first iteration or the last label in z has changed then
7' «— the first 2’ € P;_; in descending order
for all z’ € P,_; do
r(z’,t—1) — p(z",t —1)
w(z" t—1) «— 2"
end for
end if
while z' # z,.,—, do
if r(z',t —1) > r(s(z,t —1),t — 1) then
r(s(z',t —1),t —1) «—r(Z,t—1)
u(s(z',t —1),t —1) —u(z',t —1)
end if
z' «— next z' € P;_; in descending order
end while
p(z,t) — r(z',t) exp(W(z, 1))
q(z,t) — u(z',1)
end for

end for

Algorithm 9 Decode-forward(2)

Z < argmaxyep,,, p(z, 7 + 1)
fort=T+1to1ldo

Yi < 2

z < q(z,1)
end for

Yo < lsos
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5.3.2 000000000000
0000000000002z e P,00000Op(2,t),¢(z°,t)0000000
0ooo

z’ t) = max
p( ) z:zePt+1,zlz‘z‘,l§szP7V(z’:z’E73t+1,ZSSZ’)Z’HZ,‘?lﬁSzP
(p(z,t+1)) - exp(W(2z", 1)) (53)
def
zZ’ t) = ar max
q( ) gz:ZEPt_H,zl:‘z|,1Sszp,‘v’(z’:z’ept+1,zgsz’)z’l:lz,Flﬁszf’
(p(z,t+1)) (54)

0000 p(zl,t)D02z220000000000002z,0000000000O
t0000000000000000000000Dt+1000000000
O0000z20000000000000¢q(z°,,t)000000 p(zP,t)0000
O0t+1000000000
00000000000 Algorithm 10000000 p,q0000O0OODOO
ooooooooooobooon nu,e, !, HOOODODODODOOOODODO
HOOOOOOOOODOHEAP-INSERT, HEAP-DELETE, HEAP-MAX O O O [
Jddobobdooobbbbodoooubnbbbodo0UdubbUHEAP-
INSERTU O OO0 00O0000000000000O000000000000
OOHeAaP-DELETEL U 000D 0O0OOO0OODOOOODOOOOOOOOO0O
0000000 OHeAP-MAX D O DODDDODODODDODODOOOOOOO
D000000000000000000 O(log L) 00 HEAP-MAX O O(1) O
0o
0o0o0o0o¢«t0o0bo0oooooooooo e, 000ooooooon

Qt = {Z1:|z|71 | YAS Pt} (55)

gbogdbodbbodz00b0ooob+«0gbb0 ., 0obougobaof
0z 0000000 0000000000 2z2000000000 z2=2'4+=2
goggd
OO0O000O0O00DO0O0o0DD Algorithm 5 0000000000 OOOO
O0O0D0O0OAlgorithm 7 00 000O0O0OO0DOOOOOOOOOOO
OO0D00OAlgorithm 11 0000000 ¢gODOODODOOOODOOOy OO
god
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Algorithm 10 Decode-backward(1)

v(ie, T+1) 1
fort=T7+1 downto 1 do
for all z # ¢ € P; in ascending order do
if v(z,t) =0 then
v(z,t) = v(s(z, Py),t)
Q(Za t) = q<S<Z7 Pt)? t)
end if
p(z,1) = v(z,t) exp(W(z, 1))
end for
H «— empty heap
forallz:z e P |z| =1 do
HEAP-INSERT(H, 21, 1))
u(z1) < p(z,t)
end for
7z — ¢
for all z # € € O, in ascending order do
while z' # s(z, Q;) do
for all 2" : 2" € P, 2}, _, =2’ do
HEAP-DELETE(H, z{_;)
HEAP-INSERT(H, z{y_,7(2"))
end for
7z — s(z', Q)
end while
for all 2" : 2" € P, 2], ., =2’ do
r(2") = u(:ly,)
w(Ely ) — plas 1)
HEAP-DELETE(H, 2/, _;)
HEAP-INSERT(H, 21, p(2", 1))
end for
[ «— HEAP-MAX(H)
q(zP,t) — s(z” + 1, Pis1)
v(zP,t) — u(l)
7z —z
end for
end for
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Algorithm 11 Decode-backward(2)
if U(lBos, 0) = (0 then

q4(lpos,0) < q(e,0)
end if
z < lpos
fort=0to T do

Vi < Zpg

z — q(z,1)
end for

Y?H — lgos

gobbboooobbbooodbbbooodobbboooobbbod
gobbbooobbbuoooobbbuooobbboooobbbooan
00000 O(L)000000000000000000 O(legL)DODOODO
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gobbbooogbbbuoooobbboooobbn
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